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Abstract: We study Af = 1 theories on Hermitian manifolds of the form M^ 
with a f/(l) hbration over 5^, and their 3d A/ = 2 reductions. These manifolds 
admit an Heegaard-like decomposition in solid tori x and D'^ x S^. We prove that 
when the 4d and 3d anomalies are cancelled, the matrix integrands in the Coulomb 
branch partition functions can be factorised in terms of 1-loop factors on x and 
X respectively. By evaluating the Coulomb branch matrix integrals we show that 
the 4d and 3d partition functions can be expressed as sums of products of 4d and 3d 
holomorphic blocks. 
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1 Introduction 


In recent years thanks to the development of a new method to formnlate SUSY gange 
theories on curved spaces initiated by [1] and to the application of Witten’s localisation 
technique to the path integral of theories dehned on compact spaces, a plethora of new 
exact results for SUSY gauge theories in various dimensions have been obtained. 

The focus of this note is on 4d theories dehned on Hermitian manifolds of the form = 
where is a possibly non-trivial U{1) hbration over the 2-sphere, and their 3d 
reductions. These 4-manifolds can preserve 2 supercharges with opposite R-charge and 
a holomorphic Killing vector generating the torus action on [2], [3], [4]. General 
results [5], [6] state that partition functions on these spaces do not depend on the 
Hermitian metric but are holomorphic functions of the complex structure parameters 
and of the background gauge helds through the corresponding vector bundles. Similar 
results hold for the 3d f\f = 2 reductions of these theories. 


For these spaces it has also been observed that the partition function can be expressed 
in terms of simpler building blocks. It turns out that for 3-manifolds M^, which can be 
realised by gluing two solid tori D'^ x with an element g e S'L(2,Z), and likewise for 
4-manifolds Mg constructed from the fusion of two solid tori D'^ x with appropriate 
elements in S'L(3,Z), the geometric block decomposition is very non-trivially realised 
also at the level of the partition functions. 

This phenomenon was hrst observed for 3d AA = 2 theories on M| = and 

which were shown in [7] and [8] (see also [9], [10], [11]) to admit a block decomposition 


Z[sn = E 


B: 


3d 


ZISL X s‘] = E 


B 


3d 


id 


( 1 . 1 ) 


where the 3d holomorphic blocks are solid tori x partition functions. The two 
blocks are glued by the appropriate S'L(2,Z) element S or id acting on the modular 
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parameter of the boundary torus and on the mass parameters. The sum is over the 
supersymmetric Higgs vacua of the theory which remarkably are the only states con¬ 
tributing to the sums in ( 1 . 1 ), even though these partition functions, although metric 
independent, are not properly topological objects. In fact, in the case of M| = S^, the 
factorisation was proved to follow from a stretching invariance argument [12]. Indeed 
in [ 12 ] it is shown that it is possible to deform the geometry into two cigars x 
connected by a long tube, which effectively projects the theory into the SUSY ground 
states, without changing the value of the partition function. 

In [ 8 ] it was developed an integral formalism to compute the holomorphic blocks which 
build on the fact that they are solutions to a set of difference equations. The 3d 
blocks are obtained by integrating a meromorphic one-form T^'^, consisting of the mixed 
Chern-Simons, vector and chiral multiplet contributions on D'^ x 5^, on an appropriate 
basis of middle-dimensional cycles in 



Later on, in [13], block integrals were derived from localisation on D'^ x S^. Curiously 
the integrand turns out to be the “square” root of the integrand appearing in the 
Coulomb branch partition function on the compact space, so that by combining (1.1) 
and ( 1 . 2 ) one hnds 


Z[M,] = f 





(1.3) 


where the gluing rule can be 5 ^ = S', id. The hrst term of the equality is a smart rewriting 
of the partition function on the Coulomb branch, where the localising locus may contain 
a continuous and a discrete part. As observed in [ 8 ] this suggestive chain of equalities 
hints that factorisation commutes with integration. 

The factorisation of partition functions has been observed also on lens spaces Lr [14], 
on S\ X with R-flux (3d twisted index) [15], in 4d AA = 1 theories on x S^ (4d 
index) [16], [17] and in 2d AA = (2,2) theories on 5^, [18], [19], [20]. In fact for all 
these cases the block factorisation can be incorporated in the general analysis of 2 d, 
3d and 4d tt* geometries [ 21 ], [ 22 ]. An alternative perspective on the factorisation is 
the localisation scheme known as the Higgs branch localisation considered in [18], [19], 
|23], [24], 

Results on block factorisation of partition functions have been obtained also for 5d 
Af = 1 theories on [25], [26], x [27], [28], [29], on YP’I [30], [31], general toric 
Sasaki-Einstein manifolds [32] and for 6 d and 7d theories on S'®, S'^ [33]. 


2 














The goal of this note is to elucidate the block decomposition of partition functions for 
theories dehned on Lr x S^, S\x and 5^ x T^. The Coulomb branch partition 
functions on these spaces have been computed in [34], [35], [15] and [36], [37], [38]. 

Our main result in 3d is the extension of the remarkable identity in (1.3) to the lens 
space = Lr and to the twisted index = S\x S^, which are respectively obtained 
through the r-gluing implementing the appropriate S'L(2,Z) transformation on the 
boundary of one solid torus to obtain the lens space geometry, and through the A- 
gluing which realises the topological A-twist on 5^. 

We then move to 4d, where for Mg = x = LrX and M\ = xT"^ we are 

able to prove an identical relation 


zWt] = f 





(1.4) 


In the case of the index S'^ x and lens index Lr x S^, the factorised form of the in¬ 
tegrand emerges after we perform a modular transformation on the complex structure 
parameters by means of the remarkable property of the elliptic Gamma function dis¬ 
covered in [39] . This transformation generates a term which can be identihed with the 
4d anomaly polynomial and represents an obstruction to factorisation. However, for 
anomaly free theories this factor is one and we can express the integrand as ||T^'^||^. It is 
then fairly easy to check that the S'^ x integrand can also be expressed in terms of the 
same meromorphic function ||T‘^^||^. The second step in (1.4) is the actual evaluation 
of the Coulomb branch sum and integral on a suitable integration contour yielding the 
factorisation into 4d holomorphic blocks which we compute in some explicit cases. 
The last step in (1.4) introduces the 4d block integrals. In general determining the 
integration contours Tc is harder than the 3d case, here we give a prescription in few 
examples based on physical considerations such as periodicity/invariance under large 
gauge transformations. 

The paper is organised as follows. We begin section 2 with the study of A7 = 2 theories on 
the lens space where, thanks to a new identity for the generalised double Sine function, 
we can prove the integrand factorisation. We then show the block factorisation for 
two interacting cases. We take a small detour to discuss the T[SU{2)] theory. In this 
case, thanks to the transformation properties of the holomorphic blocks, we are able to 
prove that partition functions on generic 3-manifolds admitting a block decomposition 
are invariant under mirror symmetry. In section 3 we discuss the 3d twisted index. In 
section 4 we introduce the lens index partition function and show that the integrand 
can be expressed in a factorised form after cancelling the anomalies. We then show two 
examples of block factorisation. We check the analogue factorisation of S'^xT'^ partition 
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functions in section 5. Finally in section 6 we introduce the 4d block integrals. The 
paper is supplemented by several appendices where we discuss many technical details 
and computations. 


2 3d AA = 2 partition functions on 


We consider the free orbifold S^jXr of the squashed 3-sphere = {(x,y) e C^| P\x\‘^ + 
= 1}^ with the identihcation 



( 2 . 1 ) 


The resulting smooth 3-manifold is the squashed lens space L^. 

The partition function of Af = 2 theories on has been hrst obtained in [34] and 
revised in [35]. The localising locus is labelled by the continuous variables Z in the 
Cartan of the gauge group G and discrete holonomies £ in the maximal torus. The 
integer variables 0 < < ... < £|g|, in ^ [0,r - 1], parameterise the topological sectors. 

The holonomy is non-trivial since the fundamental group of the background manifold 
is 7ii{Lr) = Zj. and breaks the gauge group to ^ 


r-1 


G-nci. 


( 2 . 2 ) 


where the subgroup Gk has rank given by the number of £n = k. We also turn on 
continuous H and discrete H variables for the non-dynamical symmetries. 

The partition function reads 



(2.3) 


where \yVk\ is the order of the Weyl group of Gk- The classical terms is given by the 


mixed Chern-Simons action (CS). For example, a pure U{N) CS term contributes as^ 



(2.4) 


For U{1) factors we can also turn on an FI term ^ 



(2.5) 


^Throughout this paper we restrict to U{N) or SU{N) gauge groups, so we don’t have to worry 


about global issues [43]. 

^In [14] it has been suggested to add the sign factor in eq. (2.4). 
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where we have considered a background holonomy 6 also for the topological U{1). The 
1 -loop contribution of matter multiplets is given by 


^matter 

■^1-loop 


n n n ^ 6 , 

i Pi 4>i 






( 2 . 6 ) 


where i runs over the chiral multiplets, are respectively the weights of the rep¬ 

resentation of the gauge and flavour groups and Aj the Weyl weight. For convenience 
we will absorb the Weyl weight into the mass parameter, and we will be denoting the 
squashing parameter by 6 = a ;2 = , with Q = oji+ UJ 2 - The 1-loop contribution of the 

vector multiplet is given by 




V 


-loop 


n 


= Ff 4sinh — (—+ sinh — , 

a >0 r \uJi } r \UJ 2 } 


(2.7) 


“ ^b,la (i 2 

where the product is over the positive roots a of G and we set 1^ - ol{SZ). 

The function s;, is the projection of the (shifted) double Sine function improved by a 
sign factor a, and it is dehned as the ^-regularised product 


Sb-H{X) 


<H) n 

7ii,n2>0 

n 2 -ni=H mod r 


TliCUi + TI2OJ2 Q /2 ~ 
Tl20J\ + TI\(jJ2 + Q1^ 


(2.8) 


where the sign factor is given by 

a{H) = e^riiHMr-m)-ir-i)H^) ^ 2 . 9 ) 


In appendix A we have derived a new expression for Sh^n in terms of ordinary double 
Sine functions 


hMX) = a{H)S 2 {uJi{r - [77]) + X|g,ra;i)^2(n;2[77] + A|g, ruj 2 ) ■ ( 2 . 10 ) 


This expression allows us to easily evaluate the asymptotic, locate zeros and poles, take 
the residues and express it in a factorised form 






(e 


— (iQ/2+X) 2TTi-^ 

ruj-^ ' •' g f' 


2 

U)\<r^U2 ’ 

H^r-H 


( 2 . 11 ) 


where <F 2 is a combination of quadratic Bernoulli polynomials dehned in (A.5). Notice 
that inside the g-Pochhammer symbols we can take [77] ~ 77 because of the periodicity. 
Moreover, the sign factor erases the residual dependence on [77] so that the function 
Sh-ni^) depends only on 77. 
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2.1 Factorisation 


We will now show that by using our expression (2.11) the partition function of theories 
with integer effective CS couplings (parity anomaly free) can be expressed in terms of 
a suitable set of holomorphic variables and factorised in 3d holomorphic blocks. 

We begin with the simplest parity anomaly free theory, the free chiral with -1/2 CS 
unit 

Za(X, H) = - X ). (2.12) 

The subscript A is due the fact that, in the context of the 3d-3d correspondence relating 
3d AA = 2 theories to analytically continued CS on hyperbolic 3-manifolds, this theory 
is associated to the ideal tetrahedron [40]. In this context the fundamental Abelian 
mirror duality relating the anomaly free chiral to the U{1) theory with 1 chiral and 1/2 
CS unit is interpreted as a change of polarisation. At the level of lens space partition 
functions this duality reads 
1—1 r A y 

y I (ZA2Z(X-iQ/2))g-(r-l)^(£A2H£) z^ZJ) = Z^X^H) . (2.13) 

^ Jr 27ri 

We prove this equality in appendix B.l.^ 


The half CS unit in (2.12) has the effect to cancel the quadratic factor in (2.11) so that 
the anomaly free result can be written in a block factorised form^ 


zyx,H) = 

in terms of holomorphic variables 

-^X 27 ri rr r, ■ 27 ri rr 


(J-i;g-i)c 




X = e ^‘^1 e r 


X = e ’'“2 


_22Lil7 

rcjo /n „ 


— g rr-lg 




q = e 


27ri- 


_ ^27rir 


= e 


~ 27ri-^ Otti 

q - e ’’^2 = e ^'’■-1 


(2.14) 


( 2 . 16 ) 


The 3d holomorphic block 

Bf{x]q) = {qx-^]q)^, (2.16) 

is the partition function on D'^ of the tetrahedron theory defined in [8]. Notice 

that when |g| < 1 we have |g| > 1 and 


(x;g)oc 


, . n(n-l) 

^ (- 1 )”^' 2 X' 

io {q\q)n 


f 






if |g| < 1 

if |g| > 1 . 


(2.17) 


^This identity has also been derived from the pentagon identity on the lens space in [40]. 

“^The block factorised form (2.14) for the tetrahedron theory on the lens space was derived via 
projection in [14] and appeared as the fundmanetal building block for the state integral model for 
analytically continued CS at level r [40]. 


6 











Basically blocks in x, g, and x, q, share the same series expansion but they converge to 
different functions. This is actually a key feature of holomorphic blocks which has been 
extensively discussed in [8] and will play an crucial role in the example we discuss in 
section 2.3. 

The two blocks are glued through the r-pairing acting as 

r-.r = -f(r) = -^ , r = ( J j , ( 2 . 18 ) 


where r is to be identified with the modular parameter of the boundary T^, while the 
flavour fugacity and holonomy transform as 

= H^H = r-H. (2.19) 

rr - 1 

This gluing rule as expected coincides with the f e S'L(2,Z) element (composed with 
the inversion) realising the geometry from a pair of solid tori. 

CS terms at integer level and FI terms can be expressed in terms of periodic variables 
as r-squares of Theta functions defined in (A.47) by means of (A.49)® 


_ hZL 72 p2 

e r ^ e ^ oc 


0 (-g 2 s;g) 




0(s ^u;q) 


0(s-i;g)0(n;g) 


-2 


( 2 . 20 ) 


with s = ^ and u = e Similarly, the vector multiplet can be factorised 




as 




loop 


])([4sinh- [— + z£„]sinh- [— -^ 4 ] oc Y[ (sa 

Q >0 ^ ^ ' ^2 / Q >0 ' ' 


( 2 . 21 ) 


The oc means that we are dropping background contact terms depending on 001^2 and 
r only. From now on we will assume equalities up to these constants. 

Obviously the factorised expressions are not unique. As pointed out in [8] the ambiguity 
amounts to the freedom to multiply the blocks by “g-phases” (elliptic ratios of Theta 
functions with unit S',zd,r-squares). For example another possibility is to factorise the 
vector multiplet contribution as in [8]® 


Z 


V 

1-loop 


n 

a>0 


Q(q^Sa-,q) 

(gs„;g)oo(gs-i;g)oo 


2 

r 


( 2 . 22 ) 


® For the improved CS term proposed in [14] we simply have e 7^ e 7F 1 )^ = ||0(9^s;g)|| . 

® The vector multiplet factorised form in [8] differs from ours by a sign factor (-1)^. Notice that 
\\0{-qha;q)\\l = (- 1 )^“ \\e{qha;q)\\r- 


7 























These observations imply that on parity anomaly free theories, where the total effective 
CS conplings are integers, we can replace each 1-loop vector mnltiplet with (2.21), each 
chiral contribntion with g) ||^ and then factorise the remaining integer CS nnits 

nsing (2.20). This procednre allows ns to rewrite the partition fnnction as 


Z[L,] = ^ f 


dZ 

2vrinfcl>Vfc 



(2.23) 


with exactly the same integrand appearing in the analogons factorisation observed 
in [8] for and x S^. The three cases differ only for the integration measnre which 
can inclnde also a snmmation over a discrete set and for the glning rnle. The prefactor 
g-iTT-p jg contribntion of backgronnd mixed CS terms which can have half-integer 
conpling preventing their factorisation. 


The integrand appears also in the dehnition 3d blocks via block integrals proposed 
in [8] 


B 


3d 

c 


i 


ds 

27ris 


T 


3d 


(2.24) 


where Tc is an appropriate basis of middle-dimensional cycles in (C*)!'^!. Recently 
block integrals were rederived via localisation on D'^ x by [13]. In their analysis the 
B^{x-,q) block corresponds to imposing Dirichlet (D) bonndary conditions 


q) = {qx q)^ = B^{x- q) , 


(2.25) 


whereas by imposing Nenmann (N) bonndary conditions leads to 

= ( 2 . 26 ) 

((r;g)oo 

the two choices being related by 

B'^{x]q) = Q{x]q)Bl^{x-q) . (2.27) 


In onr langnage on the l.h.s. we have a chiral of charge +1, R charge 0 with added -1/2 
CS nnits. On the r.h.s. we have a chiral of charge -1, R charge 2 with added +1/2 CS 
nnits. From the perspective of [13], the Theta fnnctions represent the elliptic genns of 
a Fermi mnltiplet on the boundary torus. 

We are then able to extend to the lens space the remarkable Riemann bilinear-like 
relation discovered for and 5/^ x [8]: 


E f -- 

27rinA:|>Vfc 


T 


3d 


-mV 


E 


S: 


3d 


= e 


-Itt'P 


six 

C J- c 


ds 

27ris 


T 


3d 


2 


(2.28) 





















The intermediate step, the block factorisation of the partition function, is checked for 
two specihc examples in the next subsections, for earlier results see [14], Notice that, 
while the parity anomaly cancellation condition is a sufficient condition to factorise the 
integrand in the hrst step, in the second step it is only a necessary condition. The 
actual evaluation of the integral might require additional conditions to ensure conver¬ 
gence. However as we already mentioned, there are other ways to prove factorisation 
besides explicit integral evaluation. For example, Higgs branch localisation, stretch¬ 
ing/projection arguments or the existence of a commuting set of difference operators 
in X, q and x, q acting on the partition functions. 


2.2 SQED 


We now consider the U{1) theory with Nf charge +1 and Nf charge -1 chirals (SQED), 
for which we turn on masses Xa, X^, and background holonomies Ha, Hb- We also turn 
on the FI ^ and the associated holonomy 6. The Lj. partition function reads 

r-l r Ay ^f 

2sqed = E / n + + + = 

/TTl ^ 

= y[ — T-T Sb-i-Ha{Z - Xg + iQ 12) g 

£^jR27ri }yiSb,-e-H,{Z-Xb-iQl2) ' 

where in the last step we simply sent Z -Z and used the reflection property (A.43). 
In order to evaluate the integral we can close the contour in the upper-half plane 
(assuming ^ > 0) and take the sum of the residues at the poles of the numerator 


Z = Z(i) = Xc + + FTc] + ijQ + ikruji , 

Z = Z(2) = Xc + iuj2{r - [^ + hfc]) + ijQ + 'ikruj2 , 


c = 1,... ,X/ , j,k €Z>o . (2.30) 


The details of the computation and notations are given in appendix B.2, the result is 


7 — 

^SQED - e 


Nf 

C=1 


N 


a,6=1 (e’ 


rui g r 


;q)c 


-X; 


e E 


H-,,. 


;g)c 


-N, 


^Nf-1 


Zll-X r 27ri LJ 


qe’ 




e ’’ 


Hr_ 


;u 


(2.31) 


where we introduced the notation 






Xy, = X. - X, 


Haa = Ha 


Ha 


Hal = Ha - Hb 


(2.32) 
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and set 


u = e "^1 u = e 


We can finally express everything in terms of the “holomorphic” variables 

-^X„ 27 ri TT _ -^Xh 27 ri fr 

Xa = e’'“i e , Xb = e''“i e , 


factorising the classical part as 

^^(XcieB-H,e,s) ^ 


Q{x^^u;q) 


Q(u;q)Q{x-^;q) 
where we used (2.20). Therefore, we hnally obtain 


^SQED - e 


-inV 


N, 

E 

C=1 


B: 


3d 


where 


81^^ = 


0 (x^W;g) 


Nf 

n 


(gxcx„i;g)c 


I T- 




c-^b 


0(M;g)0(Xci;g) {xcX^^]q)oo ^ '' \qXcXl 

are the same SQED holomorphic blocks derived for and x S^. 




(2.33) 

(2.34) 

(2.35) 

(2.36) 

(2.37) 


2.3 T[SU{2)] 

As an application of the result obtained in the previous section we consider the mass 
deformed T[SU{2)] theory. This is a 17(1) theory with 2 charge +1 and 2 charge -1 
chirals and a neutral chiral. We turn on vector and axial masses y, f, the FI parameter 
^ and their respective holonomies 8^, 0 e Z^. 

The T[S'17(2)] theory is part of a family of theories T[G] introduced in [41] as boundary 
field theories coupled to the bulk 4d AA = 4 SYM with gauge group G for which they 
provide S'-dual of Dirichlet boundary conditions. T[G] are 3d AA = 4 theories with 
GxG^ global symmetry rotating the Coulomb and Higgs branches. 3d mirror symmetry 
acts by exchanging Higgs and Coulomb branches hence swapping T[G] to T[G^]. 

In [42] it was shown that the partition function of the mass deformed T[S'17(2)] 
theory (the axial mass m coincides with the mass of the 4d adjoint breaking the 4d 
SYM to AA = 2*) coincides with the S'-duality kernel in Liouville theory acting on the 
torus conformal blocks. It was also explicitly proved that the partition function 
is invariant under the action of mirror symmetry. Actually, as we are about to see, 
the self mirror property can proved on generic 3-manifolds that can be decomposed in 
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solid tori. This result follows from the highly non-trivial tranformations of holomorphic 
blocks across mirror frames. 

The lens space partition function of T[SU{2)] reads 




V f — 

^ Jr 27ri 


(z^+ee) 


to 

where we used the notation /±/i(±x) = fh{x)f-h{-x). Introducing 




z = e 


II 27ri u 
rcjj ^ 




X = e ^‘^1 e r 


27ri p 

y - r 


and using the result (2.31), we can write^ 




3d,/ 




I 


(2.38) 


(2.39) 


(2.40) 


with 


{q2x-^z-^]q)^ \ Q QX 


B 


3d,/_ Qiy;q)Q{q^xz ^]q) {qx;q)o. 

2 -1- 1 - 2^1 

Q{yx-^;q)Q{q2z-^;q) {q2xz-^;q)oo 


(2.41) 


q2z ^ q2xz 1 _i 


q qx 


■,q2zy 


and 


= g-i^((»--l)J?iV+2(m+M-iQ/2)($-At-iQ/2)-(//v+//A)(e+(r'-l)//A)) 


(2.42) 


is the contribution of background CS terms. 

Mirror symmetry acts by exchanging Higgs and Coulomb branches, correspondently 
the vector mass and the FI parameter are swapped while the axial mass is inverted, 
and similarly for the associated holonomies 


^ ^ m , p ^ -//, 0^ Hv, Ha^ -Ha , 

so that the partition function in the mirror frame reads 


(2.43) 




g3d,// 




(2.44) 


"We introduced the index I to distinguish the theory from its mirror as it will be clear later. 
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where we used that V is invariant under the mirror map and obtained the blocks in 
phase II from the ones in phase I by applying the mirror map x ^ y, y ^ x, z ^ z~^ 


jg3d,ii _ (qv 


^ I q2z q2y ^z i , 
n ^ \ ■,q-2z-^x-^ 

XQQy > 


B: 


{q2y-^z-,q) 

3d,II _ _ Q{x-,q)e{q^yz-,q) {qy,q)oo 
Q{xy-^] q)Q{qh; q) {q^yz] q ), 


2 <hi 


1 1 
q2z q2yz 

q qy 


(2.45) 


-I.,,-! 


]q2z X 


At this point proving that the partition function is invariant under mirror symmetry 
amounts to prove the following equality 


^3d,/ 

2 

+ 


2 

^3d,II 

2 

+ 

^3d,II 


r 


r 


r 



(2.46) 


As we already mentioned the two sets of blocks inside an r-square (with |g| > 1 if |g| < 1) 
share the same series expansion but converge to different functions which crucially have 
different transformation properties. Indeed by using identities (A.63), (A.64), (A.65), 
(A.66) we can show that 


m< • I g3d,/7 ^ ^3d,/_ ^3d,/ 


|g| > 1 : 




(2.47) 


which ensures (2.46). The transformations of the blocks across mirror frames has 
the characteristic structure of a jump across a Stokes wall. The interplay between 
mirror symmetry and Stokes phenomenon for 3d blocks and its relation to analytically 
continued CS theory has been extensively discussed in [8]. 

Notice that our proof relies only on the blocks transformation properties and makes no 
reference to the specihc gluing rule, hence it can be extended to all the cases in which 
the partition function can be block factorised. 


2.4 SQCD 


We now continue our examples with the SU{2) theory with Nf fundamentals and Nf 
antifundamentals chirals (SQCD). The partition function reads 


^SQCD - 


r-1 ^ 


dZ 27r ,25 • 1 2vr l-J 

-4smh-(Z-iWi^)smh- {Z+iU 2 i)>^ I I 

2 vri rui ru 2 a'bt 


- Xa' + lQ/2) 
~ ^b' - iQ/ 2 ) 
(2.48) 


where we dehned 


= (X„ -X,) = -X,,- Ha' = {Ha, -H,) = -H,, . 


(2.49) 
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In this form the matter sector reads formally the same as the previous abelian theory 
with the replacements a ^ a', b ^ b'. In fact also the vector multiplet contribution 
is equivalent to a pair of charge ±2 chirals. Therefore, there is a canonical Abelian 
theory ^sqcd['C)^] associated to the SU{2) theory, for which we also turn on an FI 
coupling . Since the vector multiplet does not bring any pole, the residue 

computation proceeds exactly as in the SQED case and the SU{2) partition function 
can be obtained from the limit 


^SQCD - Ibu- ^sqcd[^, , 


(2.50) 


where 


^sqcd[C,^] = e ^ 




e ’’ 


C' = l 


(ge 


x / / 27ri TJ 




6 


-,q)c 


2tt 


n / V fTf 27ri TT _ . 

eg)oo 

/ X izi 27ri TT _ >. 


Y, 4 sinh- iuiH^, - inQ) 


-u 


n>0 


with 


(ge'’“i “'“'e ’■ 

eefr = e + E^a'-i^/Q> 0eS = 0-(r-l)Y^a' . 


, (2.51) 


(2.52) 


3 3d twisted index 

We now consider Af = 2 theories with R-symmetry on 5^ x with a topological A-twist 
on S"^. This background has been recently reconsidered in [15]. The topological twist 
is performed by turning on a background for the R-symmetry proportional to the spin 
connection with a quantised magnetic flux, as a consequence R-charges are integers. 
Magnetic fluxes are also turned on for all the flavour symmetries. 

The path integral on this space localises on BPS configurations labelled by continuous 
variables Z in the Cartan and discrete variables £ in the maximal torus of the gauge 
algebra. The integer variables £ parameterise the magnetic flux while 2 = is the 
holomorphic combination of the holonomy and of the real scalar. We also turn on 
analogous continuous and discrete variables for the non-dynamical symmetries. The 
partition function reads 
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The contributions to the classical part come from (mixed) CS terms. In particular, a 
pure CS and FI read 

, (3.2) 

where ^,6*, are the holonomy and flux associated to the topological ?7(1) symmetry. 
The contribution of a chiral multiplet with R-charge R is given by 

, . (3.3) 

{Q 2 Z]q)B 

where the shifted R-charge B = ^ - R + 1 is quantised. Finally the vector multiplet 
contribution is given by 

= (3.4) 

a>0 

where we used the usual shorthand notation f (x) f (x~^) = f(x^). We refer the reader 
to [15] for a detailed analysis of the integration contour in (3.1). 

Geometrically, the twisted index background is realised by gluing two solid tori twisted 
in the same direction so to realise the A-twist on 5^. We then expect that also in this 
case the partition function can be expressed in terms of the universal blocks 

We begin studying the free chiral with R-charge 0 and -1/2 CS unit (the tetrahedron 
theory). It is easy to see that by dehning the A-gluing acting as 

T -T , Z ^ Z ^ or q~^ z -y z , (3.5) 


we obtain the twisted index of the tetrahedron theory by A-fusing two 3d blocks 


Bf{x;q) 


2+£ 


= z-q)^{q ^2'z]q = 


(q ^Z]q)ui Z]q) 




B 


(3.6) 

where the the holomorphic variable x is identihed with the combination x = z~^q~^/‘^. 
As expected 


zP*[SixS‘] = ZA[Six 



(3.7) 


with the factor z^l‘^ contributing the +1/2 CS unit. 

CS terms at integer level and FI terms can also be expressed as A-squares of the same 
blocks appearing in (2.20) 


0 (-g 2 x; q) 


= z 


Q{x ^u]q) 


Q{x-^]q)Q{u]q) 


= Z^e : 


(3.8) 
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where u = Finally also the vector multiplet can be factorised as in (2.21) 


a>0 

with Sa = or alternatively® 

0(-g^ z„;g) 


Q :>0 ^ ^ Q ;>0 


I-^qI 


q ^ z%) = Zv[S\ X S^] , 


(3.9) 


S Za;q)oo{q‘ zj;q). 


n _!£Qi, . 

q 2 {I-q 2 zj 


(3.10) 


Q ;>0 


From eqs. (3.6), (3.7), (3.8) and (3.9) it follows straightforwardly that for parity 
anomaly free theories the integrand is factorised 


Z[S^ xS^] = Y,(f 


dz 

27riz|>V| 



2 

A ' 


(3.11) 


Clearly one expects the result of the contour integral to take factorised form too. Indeed 
in [15] it has been observed that this is the case. For example it is an easy exercise to 
show that the SQED partition function can be written in terms of the 3d holomorphic 
blocks 

2 


^SQED 


= 


E 


S: 


3d 


(3.12) 


We will not show the details of the computation because we will perform an almost 
identical computation for the x case in section 5. 


In the end we can extend also to the twisted index case the identity 



dz 

27riz|>V| 



Six 

r -'Ac 


ds 2 

y-Sd 


27ris 


(3.13) 


suggesting that the factorisation commutes with integration. 


4 4d AA = 1 lens index 

In this section we consider J\f = 1 theories formulated on Lr x S^. The lens index of a 
chiral multiplet of R-charge R and unit charge under a 77(1) symmetry is [43] 

=ff(i/)i™(tt.,ff)if'(tt.,ff), (4.1) 

with 

= T{{pq)^wp^^^-,pq,p^)T{{pq)^wq'^~^^^-,pq,p'') , (4.2) 

® Up to a factor (-1)^“, see discussion in [15]. 
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where w is the U{1) fugacity and H the holonomy along the non-contractible circle of 
Lr- Io(w,H) is the zero-point energy 


T' 


(R) 


0,X 


{w, H) = [{pq) 2 




{pq) 




(4.3) 


and, as snggested in [14], we inclnded the sign a{H) dehned in (2.9). 

For a chiral mnltiplet in a given representation of a gange gronp G and global flavonr 
gronp, the lens index reads 

Y\i[’‘\p{z)4,(o,p(i)*m)), (4.4) 

p^4> 


where 2 ,<^, are respectively the gange and global fngacities associated to the Cartan, 
p, 0, the weights of the gange and flavonr representations, while £, H, are respectively 
the gange and backgronnd holonomies in the maximal torns, which can be represented 
by vectors with components in The gange theory lens index is then obtained by 
snmming over the dynamical holonomies 0 < < ... < ^\G\ < r - 1, e [0, r - 1] 

and integrating the matter contribntion with integration measnre given by the vector 
mnltiplet of the nnbroken gange gronp 


I = 'y (f - ^ 1.,^, I FfXy(a(z),Q !(£))x 

^ Jtioi 2mznk\m\ a ^ ^ 

X Yli^,^^\p,{z)UC),P^{i) + UH)) , 

i 

where a denote the gange roots, and we dehned 

iv{w,H) =a{H)Ioy{w,H)Iv{w,H) , 

with ^ 

Iv{w,H) Y(w~^p^~^^^]pq,p'^)r{w~^q^^^]pq,q'^) 
and zero-point energy 

Xq y(^w, H') = {pq) l^h ^pg“i^“i^[^](^“[^])(4’-2[ir]) 


(4.5) 


(4.6) 

(4.7) 


(4.8) 


If the gange gronp has an abelian factor we can introdnce an FI term which contribntes 
to the partition fnnction as 


,4d „ . 


(4.9) 


where we tnrned on also a backgronnd holonomy 9 for the topological U{1) symmetry. 
As argned in [44] the 4d FI parameter ^ needs to be quantised. This allows the index, 
which is independent on continuous couplings, to actually depend on the FI parameter. 
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In the following we will show that by performing a modular transformation and can¬ 
celling the anomalies it is possible to express the lens index integrand in a very neat 
factorised form. 


4.1 Chiral multiplet 

Let us consider the index of a single chiral and introduce the following parametrisation 




ta = e “3 


27ri^ 


2771^ 


2771^ 


p = e “3 , q = e “3 , pq = e “3 , ( 4 - 10 ) 

where Q = coi + UJ 2 , and 003 = ^ measures the (inverse) radius /3. For convergence, 
we also assume Im(^^) > 0. Also, since it is going to appear quite often, we dehne 
the combination 

DR 

(4.11) 




By using the modular transformation (A.61) and the reflection properties of the elliptic 
Gamma function (appendix A) we can rewrite 

where 

Zf (X,Lf) = ^^^- . (4.13) 

^ g(Q-X,-H) ^ ^ 

The cubic polynomial <1)3(X) is dehned in (A.11). As we will see in section 4.3, these 

polynomials contribute to the 4d gauge and global anomalies. In the above expression 

we introduced the function^ 

g(X, H) - ) , 

(4.14) 

satisfying 

g{X, H)g{Q - X, -H) = , (4.15) 

and which can be factorised as 


g(X,H) = T(x-,qr,qa)T{x-,qr,qa) = r(x;g^,g^) 

where the 4d r-pairing acts according to 


(4.16) 


2771-3- 

q^ = e ’’“1 = 

-27ri-^ 27ri(T 

q„ = e ’’“1 = 

3^1 X 27ri Jj- r,_;. 27ri 


27ri 


_ 2 _ 


_ c27ri'f 


x = e ’’“1 e 




q^ = e ’’“ 2=6 

-27ri-^ 27ri^T 

= e 

_ 2t2IX X. _ 27ri rr o ‘ ~ ^Tri fj 

X = ^^^^2 g r ^ r ^ 


(4.17) 


^For r = 1, Q coincides with the so-called modified elliptic Gamma function, see for example [45]. 


- 17 - 









with 


a 


T = 


a = 


X = 


X 


rr - 1 rr - 1 rr - 1 

Notice that in the 3d limit +oor (or ^ 0), we have 

1 (Jo-^O 


H = r-H 


and 


T{q^x-^;q^,q„) 


Zt%X,H) 


{qrX ]qr)oo = B-^{x]qr) , 


aJ3-»-+oo 


’Sb-H(iQ/2 - iX) , 


(4.18) 


(4.19) 


(4.20) 


with the quadratic polynomial $ 2 (Q-X) in (4.13) contributing the correct half CS 
unit in 3d. The function Z^^{X,H) satishes 


(X,if)Zf (Q-X,-if) = l , 


(4.21) 


compatible with a superpotential term W tx 4/i4/2 for two chiral superhelds Ti_ 2 , which 
disappear from the IR physics. In the case r = 1, can be shown to reduce to the 
result for a chiral multiplet found in [36, 46].^° 

We see that there are two natural ways to rewrite the lens index for a chiral 
X^\w^H) = X B^{x]qT-,qa) 


(4.22) 


or 


= e i’r(J^3(^)+2^2 (x)) B^{x-,qr,qa) , (4.23) 

r 

where, in analogy with the 3d case, we dehned the 4d holomorphic blocks for the 
anomaly free chiral 

1 


B^^(x;qr,qa) = 


T{qrX ^;gr,g<7) 


! (^) *?T) *?(t) r(x, (Jt, (Jo-) , 


(4.24) 


with 


B^^(x; qr, qa) = ©(a:; qr)B^{x] qr, q^) • (4.25) 

We interpret the 4d blocks as partition functions on where e = r/Ri is the cigar 

equivariant parameter and a is the torus modular parameter. From (4.22) and (4.23) 
we see that the polynomials <l> 3 , $ 2 , which we will identify with anomaly contributions, 
are obstructions to factorization, while the anomaly free chiral indexes 


ZdIU X S^] = B^{x-, qr, qa) , Z^[Lr X S^] = B^^ix] qr, qa) 


(4.26) 


^°In order to compare with the result of [46], we need (^3(0,a;|a;i,a;2, W3) = -^B33{x\uji,uj2,0J3) and 
some property of the Bernoulli polynomials and elliptic Gamma function summarised in appendix A. 
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have a neat geometric realisation as 4d blocks glued through the 4d r-pairing (4.18), 
which implements the gluing of two solid tori D'^ to form the x geometry. 

Similarly to the 3d case, 4d holomorphic blocks are annihilated by a set of difference 
equations which can be interpreted as Ward identities for surface operators wrapping 
the torus and acting at the tip of the cigar. 

For example for we hnd^^ 


{Tg^,x-Qix ^■,q^))B^{x;qr,qa) 


1 




(4.27) 


where Tg ^./(x) = f{qx) is the g-shift operator acting on x. The lens index is annihilated 
also by another equation for the tilde variables 



Q{x-^;q^))Z^[LrxS^] = {Tg^,^ 


0(x q^)) ZY)[Lr x = 0 , 


(4.28) 


and similarly for Z-!<j[Lr x S'^]. 

The existence of two commuting sets of difference operators annihilating the lens index 
indicates that it might be expressed in a block factorised form. Indeed we will shortly 
see that anomaly free interacting theories can also be factorised in 4d holomorphic 
blocks. We also expect that our 4d holomorphic blocks will be the building blocks to 
construct partition functions on more general geometries through suitable pairings. For 
example, in section 5 we will discuss the x case. 

We close this section by observing that our dehnition of the blocks B^ and via 
factorisation or as solutions to difference equations suffers from an obvious ambiguity. It 
is clear that we have the freedom to multiply our blocks by g^-phases c(x; qr) satisfying 


c{qrX;qr) = c{x;qr) , 


c(x;g^) 


2 

r 


1 . 


(4.29) 


The hrst condition ensures that the c{x;qr) is a gT--constant passing through the dif¬ 
ference operator while the second condition ensures that these ambiguities disappear 
once two blocks are glued. 4d blocks for more complicated theories will be also dehned 
up to gT--phases, which can be expressed as elliptic ratios of theta functions. 

^^For the free chiral case, there is an apparent symmetry between and qr, for example we also 
have (Tq^^x - Q{x~^;qr)) r(<; x-^-q q ) ~ However there is a profound difference between q^ and 
qr- This clearly visible if we realise these 4d theories as defects in 6d theories engineered on elliptic 
Calabi-Yau’s. In that setup q^ corresponds to a Kahler parameter while qr is related to the topological 
string coupling. 
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4.2 Vector multiplet 


Repeating the steps we have done for the chiral multiplet, we can also bring the vector 
multiplet contribution to the following form 

Y\lv{a{z),a{t)) = x , (4.30) 


with 


z"(z.Q=n 

OL 


g-^(r-l)a(£)2g!|l#2(a(Z)) 

Q{a{Z),a{l)) 


(4.31) 


27ri ^ 

where z = e“3 . Also in this case the prefactor of (4.30) is an exponential of a cubic 

polynomial contributing to the anomaly, which we will discuss in subsection (4.3). In 
the 3d limit cus ^ + 00 ® we have 


'74d 


(Z,£) 


LJ3->+oo 


n 


'Sfe,a(£)(iQ/2 + ia(Z)) 


(4.32) 


matching the 3d vector contribution (2.7) with the identihcations (a(Z),a(£)) = 
{iZaii-a)- It the case r = 1, Z^ reduces to the contribution of the vector multiplet 
in [46]. By using the factorised form of the Q function we can express Z^ as 


ztHz,t )= n 

a>0 


iQriQa^ 

T{s-^-,qr,qa) r 


n 

Q>0 


SaQisJ^]qa) 


2 

•) 

r 


(4.33) 


where we used (A.48), (A.49), (A.56), and dehned the holomorphic variables 


— a(Z) ^a(e) 

Sa = e’'“i e ^ ’ 


(4.34) 


In this form we immediately see that in the 3d limit q^ 0, Z^ matches the 3d vector 
contribution (2.21) (notice that 0(x;O) = 1 - x). We then dehne 

^vec({s«}; Qa) = H , (4.35) 

q :>0 


such that 


Zt.^iZ,£) 


^vec({s«};?r,ga) 


2 

r 


(4.36) 


Other choices of are clearly possible possible. For example we can also write 


?j.'‘(z,o=n q(9 

q ;>0 


Sa;qr)T{qrS%;qr,qa) 


(4.37) 
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with 


(4.38) 


^vec({Sa};?r,g<7) = H gr)r(gr4; ?r, , 


a>0 


which in the 3d limit Qa ^ 0 reduces to the 3d block (2.22). 

Finally, we observe that the FI terms can also be naturally factorised as in 3d (2.20) 


o • e4d 

^ 

g CJ 3 r 


6i 


0(s ^M4d;gr) 


with 


2-7ri f 

§ — gro^i g r 


0(M4d;gr)0(s"^gr) 


27ri ^1^2 £4d 27rin 

U 4 d = e ^3 ^ e~~^ . 


(4.39) 


(4.40) 


4.3 Anomalies and factorisation 

We now return to the polynomials <F 3 , <F 2 appearing in the modular transformations 
(4.12), (4.30). We will see that their total contributions reconstructs the 4d anomaly 
polynomial. This interplay between modular transformations and anomalies was hrst 
observed in [45] (see also [46], [47]). 

Collecting the contribution of the chiral multiplets we hnd 

n(Z,S)= i<l>3(^+p.(Z) + .^43)) + t>l>2(^ + ft(Z) + *(3)) . (4,41) 

27ri 

where we introduced the exponentiated flavour fugacities = e“3“. Similarly, the 
vector contributes with a factor where 

EP„(Z) = -y(i43(a(Z)) + i42(a(Z))) , (4.42) 

In total we hnd 

not(Z, H) = ^ ^ V,{Z, H) + ^ P„(Z) = VUZ, H) + Pgi(H) , (4.43) 

i Pi,(pi a 

where in the last step we further distinguished between local (gauge (G)) and global 
(Favour (F), R-symmetry (R) and gravity (g)) contributions. 
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• Gauge and mixed gauge anomalies. Collecting the various powers of Z we get 



GGG: y y 

(4.44) 



(4.45) 


GGF : E y 0.(S) 

(4.46) 


GRR:E E (Q(fl<-1))^ 

i P% 4ra;i^2W3 

(4.47) 


GRF : ^ ^ - 1)0,(H) 

i P% 

(4.48) 


GFF:EE 

i P% ^^i^2a;3 

(4.49) 


Ggg^EEi/*' ^ (2^^3 ujI +‘2 uJiU2{r^ 1)). 

Tpt^, 12ra;ia;2C^3 

(4.50) 

All these terms have to vanish on physical theories theories, leading to conditions on 
the -R-charge and on the flavour fugacities. 

• Global anomalies. For the Z independent terms we have 


FFF: 

i p“0, 3ra;ia;2C^3 

(4.51) 

RRR : 

y^ y^ 1 y^ (Q ■ 1)^ 

Y p“0, 24ra;ia;2W3 Y 24ra;ia;2ca3 

(4.52) 

FFR : 

EE ««/-!) 

Tpt^, 2ra;ia;2C^3 

(4.53) 

FRR: 

EE/‘‘“’ (Q(fl-i))= 

Tpt^, 4ra;ia;2C^3 

(4.54) 

Fgg^EEio ^ ^ (2^3 a;| + 2caia;2(r^ 1)) 

i pui>i y^rujxUJ2UJz 

(4.55) 
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In [48] it was observed that partition functions on x have a divergent limit when 
the radius (3 shrinks to zero. The leading term is 

2 -I 

\nZ[M^ X ^1] -^Tr(i?)L^[M3]--Tr(t/(1))L^[M3] + subleading , (4.57) 

where are integrals of local quantities which can be computed for the given 3d 

(Seifert) manifold and supergravity background. In the case in particular 

In Z[Sl X gi] - im^Tr(!7(l)) , (4.58) 

where m is a real mass for the 77(1) symmetry and rs the scale. By using the 
asymptotics of $ 3 , 4 ) 2 , it is not difficult to verify that 


Ine-iTTpgi ^3-+°c_ iTTCJa 

12rLJiLJ2 


E E Q(fl-i) + E«'i 

i Pi,4’i " 


ivTCUs 

6ra;ia;2 


EE-#'.(0. (4.59) 

^ Pii4^i 


reproducing the expected universal divergent factor with the identifications 
icui = ii ^2 = “^5 the volume being rescaled by 1 /r. 

Finally we consider the extra exponential quadratic terms appearing in the dehnition 
of in (4.13). We already observed that in the 3d limit 003 -> +cx)]r, these polynomials 
contribute the expected half CS units. These polynomials are actually 0 J 3 independent, 
and for convenience we refer to their total contribution as 3d anomaly contribution. 
Each chiral of weights pi, contributes with 

= , (4.60) 


where the sign =f depends on the choice (4.22) or (4.23) respectively. In total we hnd 


^£i(Z.S) = E E n“(Z.S) =P;it(Z,3) + T>“(3) . (4.61) 

* Pi, 0 i 


On physical 4d theories, where the 4d gauge anomaly is cancelled, the would be 3d 
parity anomaly is also automatically cancelled, namely in the 3d limit would 

contribute integer CS units. This implies that the factor can always be factorised 

in Theta functions as in (2.20). 

We arrive at the conclusion that, on physical theories where there is no obstruction 
from anomalies, the lens index integrand can be expressed in terms of the holomorphic 
variables and arranged in the factorised form 





dz 

27rizllk\yVk 



2 

5 

r 


(4.62) 
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up to prefactors due to the non-dynamical anomalies. As we will see in some explicit 
case, for anomaly free theories we also have 





2 


(4.63) 


We are thus led to try to use the integrand to dehne 4d blocks via block integrals 
as in the 3d case. We will return to this in section 6. 

In [46] it was pointed out that the anomaly cancellation conditions are necessary to ex¬ 
press the partition function on Hopf surfaces T-Lp^q ^ in terms of periodic variables 

(under shifts) consistent with the invariance under large gauge transformations. 

To understand the effect of large gauge transformations at the level of the blocks, it 
is useful to look hrst at the semiclassical limit r = Rie 0, where we remove the fl- 
deformation on the disk by turning off the equivariant parameter (e 0). In this limit 
the theory is effectively described by a twisted superpotential obtained by summing 
over the KK masses ^ and ^ due to the torus compactihcation of the 4d theory [49] . 
The contribution of a chiral multiplet to the twisted superpotential is given by 

>V(a) = ^ (a + ^(crn + m) I (ln(a + ^(cm + m)) - 11 . (4.64) 


This sum needs to be regularised, in appendix B.3 we briefly review how one can do 
that, the result is 


W(a) 


—V^{iRia) + 

Hi 


^-2nRiak 

2nRi ’ 


(4.65) 


where 

3cr 2cr 6(7 72(j 

We can immediately identify in (4.65) the semiclassical limit of the anomaly free chiral 

g-27rRifca ^ ^ g-27rfcRia ^ i)Tjv(a) 

O/n-1 /7- ' ^ 


ln;BN(e 


-2'KR\a. 




27rir fc^F(l-g^) 


, (4.67) 


while Vs contributes to the anomaly polynomial on x T^. 

As it will become important later on, we observe that while the twisted superpotential 
as dehned in (4.64) is invariant under large gauge transformations being manifestly 
doubly periodic on the torus T^, i.e. invariant under a ->■ a+ -^(crn + m), the regulari- 
sation produces polynomial terms which explicitly break the periodicity. Therefore the 


24 















semiclassical analysis shows that anomalies represent an obstruction to the periodic¬ 
ity/gauge invariance of the superpotentiald^ 


We then see that the block integrands of anomaly free theories dehned in (4.62), in the 
semiclassical limit 


logT^'^ ^ — 


0 iW 
e 


(4.68) 


are doubly periodic on the torus. In section 6 we will return to this point and see that 
at the quantum level, the invariance under large gauge transformation will be preserved 
only up to g^-phases. 


4.4 SQED 


We will now study two interacting theories to illustrate the general mechanism of fac¬ 
torisation. Our hrst example will be the U{1) theory with Nf chirals and Nj antichirals, 
with R-charge R and an FI terms (SQED). In this case the lens index reads 


'SQED 


r-1 ^ 

E/ 

i=o 


d^ 

27ri^ 


4d 

n + , (4.69) 

a,b-l 


where we parametrise the fugacities as 


^ = e “3 , Ca = e “3 , Q = e‘^3 


(4.70) 


with associated holonomies It is also useful to introduce the combinations 

Xa = ^ + Ma, X, = -^ + M,. (4.71) 

We evaluate the lens index by taking the sum of the residues inside the unit circle at 
the poles 

■^(1) = jQ + krui + Xc + Ui\^t + i7c] ; -^(2) = iQ + kruj2 + Xc + ca2(^" ~ , (4.72) 

where j, k € Z>o. The detailed computation is performed in appendix B.4, here we 
report the key steps. We hrst perform the modular transformation using (4.22) for the 

^^See [22] for a thorough analysis of the periodicity in the context of the 4d tt* equations. 
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fundamentals and (4.23) for the antifundamentals, and we get 


n if (s-'C.. c + H^)if(zQ',-i-Hi) = 

a,b 

it e^r(^^Wr-l)^-f^2{Q^Z-Xii) g(Q + Z- Xa, -i - Ha) 

= rr G{Z - Xb,-£- Hb) 

ilgiQ + Z-Xa,-i-Ha) 


(4.73) 


As we discussed, the modular transformation produces polynomials contributing to the 
global and local anomalies. The dynamical part of the 4d anomaly ("Pioc) must vanish 
on this physical theory. In fact, as this theory is non-chiral, the GGG anomaly vanishes 
automatically, while the cancellation of the GGF anomaly requires the balancing of the 
U{1) flavour charges of fundamentals and antifundamentals 


EE'><(3) = EA4-EM, = 0. (4.74) 

i 4>i CL b 

This is actually automatic since the flavour symmetry group is SU(Nf) x SU{Nf) x 
7/(1) with fundamentals and antifundamentals oppositely charged under the baryonic 
symmetry. Then we also have 


Y,Ha-Y,Hb = 0 mod r . 

a b 

In order to cancel the GGR anomaly the condition is^^ 


iV;T2(/)(R - 1) + NfT2{f){R - 1) + T2(ad) -1 = 0, 


(4.75) 


(4.76) 


which hxes i? = 1. For the vanishing of the GFF anomaly we must require 

EE'^.(Sf "Ev^-Evi'-o, (4.77) 

i 4*1 CL b 

■ZHl-Ym^O. (4.78) 

a b 

The other anomalies also vanish without imposing any further constraint. What is left 
of the 4d anomaly is the global part {'Pgi), which reduces just to the FFF term. 

denote Tr7j(T„Tm) = T2{'R-)Sjnn- For SU{Nc) the fundamental and adjoint generators are 
normalised according to T2{f) = 1 / 2 , T2(ad) = W- 
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Since we used (4.22) for the fundamentals and (4.23) for the antifundamentals, the 
terms in are automatically cancelled. We could have also used (4.23) (or (4.22)) for 
both fundamentals and antifundamentals as well. This would have led to a different but 
of course equivalent form of the integrand. Altogether the 3d anomaly contributions 
yield the global factor and a renormalisation of 9, which are however trivial 
once we impose (4.74), (4.75), (4.77) and (4.78). 


Finally we hnd 


with 


-^SQED = e 


'^4d 

SQED 


E/ 

e^o 

0(s-%4d;gr) 


dz 

'Y'4d 

SQED 

27ri2; 

Nf 

n 

f(sx7 

/ a,b=l 

T{q^sx 


where we introduced the holomorphic variables 


(4.79) 

(4.80) 


ZTTl ^ 

s = e"'“i e“ 


Xa = e' 


e ’’ 


Ha 


a:b = e™i e 




27ri ^^1^2 ^4d 27ri/ 

U/^d = e ’"“1 “3 


(4.81) 


and used (A.49) to write 


_ 

e “3 



r 


0(s W4d;gr) 2 
0(M4d;gr)0(s"l;gr) ’ 


(4.82) 


as in 3d. Notice the integrand TgQg^ in (4.80) could have been assembled by adding a 
4d block for each chiral and a block for each anti-chiral plus the FI contribution. 
In this case the polynomial dehned in (4.61) vanishes. 

Finally by taking the sum of the residues at the poles (4.72), we obtain 


with 


N 


f 

IsQEB = ^ 

C=1 


B: 


4d 


(4.83) 


Bt’^ = 


0(Xj,^'U4d; Q'r) -r^ ^{XcXj^ ^ 

0(M4d;gr)0(x-l;gr) (QtXcX-^] Qr, 


qrXcXa 


) Qt'! Qa-i ^4d 


(4.84) 

where the elliptic series atPat-i is dehned in (A.67). For r = 1 our result agrees with [17] 
(after a modular transformation). Notice that the cancellation of the GGF anomaly is 
related to the balancing condition (A.68) of the elliptic series, while the GFF anomaly 
cancellation to its modular properties (A. 73). The sum over c runs over the supersym¬ 
metric vacua given by the minima of the the twisted superpotential discussed in the 
previous section. 
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It is easy to write down a difference operator for these blocks. We find that the elliptic 
hypergeometric series (A.67) is annihilated by the operator 


( N N ^ 

n (Ia)-UY[ Q{XiTq^,u] Qa) 

i=l i=l ) 


Since 


^-1 


I OC X I 

oc t{u4d; Xc)NfENf-l "" ; Qt, Qa] M4d , 

\ QrXcXa j 


where for convenience we denoted 


t(w4d, Xc) — 


0(XeW4d;9r) 
0(M4d;?r)0(a;7^?r) ’ 


satisfying 

Tq^,ut{UAd]Xc)~^ = Xl'^t{Uid]Xc)~^ , 

we see that the blocks B^'^ are solutions to the difference operator 


(4.85) 


(4.86) 


(4.87) 

(4.88) 


t{Uid,Xc)H{XcX^,^,qrXcX^^-,UidXqr,u)t{UiA]Xc) ^ = H {x^,^, QrX ^UidXqr^u) , (4.89) 


for c = 1,..., Nf. As we have already noticed in the case of the free chiral, if we define 
the blocks B^^ as solutions to this difference operator with the additional requirement 
that their r-square reproduces the partition function (4.83), we still have the g^-phases 
ambiguity. For example we can multiply the blocks by the elliptic ratio of theta func¬ 
tions 


Nf 

C{u^d]qr) = n 

a,6-1 


Q{UAdX^^]qr) 

0(M4dgrX"l;gr) 


(4.90) 


which satisfies c{qrUid] qr) = ciu^dAr) and has unit r-square when the anomaly cancel¬ 
lation conditions (4.74), (4.75), (4.77), (4.78) are imposed. It is also easy to check that 
1/2 -■ 

since 0(gr x]qr) —e ^ eq. (4.90) has a trivial semiclassical limit. Indeed in 

general g^-phases are not visible in the the semiclassical asymptotics. 


We conclude by checking the 3d limit of our results. At the level of the 4d blocks this 
amounts to take go- 0, yielding 


;So'^(x;M4d;gr,g^) Bl'^{x]U2.dA) , 


(4.91) 


with the obvious identifications 


g. = g, {iXa,Ha) ={Xa,Ha) , (iX,, 77,) =(X,,i7,) 

4d 3d 4d 


3d 


(4.92) 
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Notice that the 3d mass parameters are still restricted to satisfy the 4d anomaly can¬ 
cellation conditions. As explained in [50], the rednction of the 4d index to 3d generates 
theories with the same gange and matter content of the original theory bnt with a 
compact Conlomb branch and with non-trivial snperpotential terms enforcing the re¬ 
striction on the masses [50]. Moreover the relation between 4d and 3d FI parameters 

t4d 

i^ -3^- ^3d ^4 93) 

Us 

is consistent with a continnons 3d FI. 


4.5 SQCD 


We now move to the SU{2) theory with Nf chirals and Nf antichirals. The lens index 
reads: 


'SQCD 


r-l r 7 

£=0 a,b=l 


(4.94) 

(4.95) 

(4.96) 


We can collect the flavonr fngacities and backgronnd holonomies into 

Ca' = (Ca,C') = C/ , = , a',b' = 1, . . . ,2Nf . 

We also dehne 

X^, = ^ + Ma, = -Xb, = ^-Mb, , 

where Ma' = {Ma,-Mb) = -Mb'. In this notation the matter sector reads exactly the 
same as the SQED theory with the replacements a ^ a' and b b', the only differences 
being the different R charge and the “reality” constraints Xa' = -Xb', Ha' = -Hb'- The 
set of poles inside the nnit circle we will snm over is also formally nnchanged with 
respect to the abelian case (4.72) becanse the vector does not bring any pole. 

The hrst step is to perform the modnlar transformation, which npon imposing the 
anomaly cancellation allows ns to factorise the integrand as 


with 


where 



(4.97) 

y.4d _ Qry Qa) -j—r ,C[r-i(lcr') 

SQCD s ^,^,T{q^sx-};qr,qa) ’ 

(4.98) 

— Z -ijlif — W' —H r 

5 = 6™! e , Xa' = e™! e . 

(4.99) 
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The GGF cancellation parallels the abelian case. The GGR anomaly cancellation 


NfT2{f){R - 1) + NfT2{f){R - 1) + T2{ad) -1 = 0, (4.100) 

in this case yields R = for SU{Nc). All other anomalies vanish without imposing 

further conditions. 

Also in this case we observe that the integrand in (4.98) can be obtained by 

adding a 4d block for each chiral/anti-chiral plus the vector multiplet contribution. 

In this case however we need to take into account the polynomial which, once 
the 4d anomaly cancellation conditions are imposed, contributes a factor ||s^||^ to the 
partition function. 

We then take the sum of the residues at the poles. The detailed computation is per¬ 
formed in appendix B.5, here we give the hnal result in the fully factorised form 


-fsQCD - 


-iTrPgi 


2Nf 

E 

c'=l 


4d 




(4.101) 


with 


»24d 2 \n ^ c'^ a '1 Qt y Qa) ZP / 

B^, - — - -2Nf+iE2Nf+3.{Xc']Xc'Xa']qryqa]l) , 

a' ^ KQtXc'X^, , (Jt, qcr) 


(4.102) 


where we introduced the very-well-poised elliptic hypergeometric series dehned in (A. 74). 
For r = 1 our result agrees with [17] (after a modular transformation). 


5 Af = 1 theories on 5^ x 

We now turn to the manifold S'^ x which supports Af = 1 supersymmetric theories 
with R-symmetry. To preserve supersymmetry the theories need to be topologically 
twisted on and the R-charges need to be quantised. This background has been 
studied in [36],[37] and more recently in [15] and [38]. 

As in the twisted index case reviewed in section 3, the localising locus is parameterised 
by continuous variables Z in the Gartan and discrete variables £ in the maximal torus 
of the gauge algebra. The integer variables £ parameterise the quantised magnetic flux 
while 2 = is a combination of the two holonomies on the torus. We also turn on 
analogous continuous and discrete variables for the non-dynamical symmetries. The 
partition function reads 

X = E i, ^ 2. X X zn-. (6.1) 
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The contributions to the classical part come only from possible FI terms for U{1) 
factors 


g-Voi(r2)C^ ^ 


(5.2) 


The contribution of a chiral multiplet with R-charge R, U{1) fugacity z and flux H is 
given by^^ 




\ B \-1 

2 


R 

12 — 

qa Z2 




(5.3) 


B 


where we used the dehnition of ©-factorials in (A.58) and dehned B = H - R + 1. The 
vector multiplet contribution is given by^^ 


Zl [S" X = n . 

a>0 


(5.4) 


In the above expressions is identihed with the torus complex modulus and 

with the angular momentum fugacity. By using that 0(x;O) = 1 - x, it is 
immediate to check that, in the q^ ^ ^ limit, the 1-loop contributions (5.3) and (5.4) 
tend to their counterpart on x (up to the zero-point energy factor). 

Geometrically, the S‘^ Xr background is realised by gluing two solid tori 
twisted in the same direction so that to realise the A-twist on S"^. We then expect that 
also in this case partition functions can be expressed in terms of the universal blocks 
fused with the A-gluing dehned by 

T ^ -T , a ^ a , Z ^ Z , or qr ^ qr^ , q^ ^ qa , z ^ z . (5.5) 


As clear from our discussion on anomalies, the free chiral alone is not expected to 
factorise, we need instead to look at an anomaly free object, for example 


B^{x]q^,q^) 


1 

‘2-\-h _2+/i. 

r(gr" Z]qr,qa)T{qr " Z]q-^,qa) 


= --= Zd[R^xT2], (5.6) 

0(<?r^ Z]qr,qa)B 

The relation between our Theta function Q{x;qa) and the theta function ^i{x;qa) appearing in 
[15, 36-38] is di(x;gcr) = iq{qa)qa^ X 2 <d{x;qa), r]{qa) = qa'" {qa\qa) ■ 

^®Up to a zero-point energy contribution Rq which can be absorbed in the integration 

measure. In [15] an extra (-1)^“ appears in the definition of the vector multiplet. 
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where we identified the holomorphic variable x with the combination x = z . As 

expected 

showing that we need to multiply the anomaly free chiral by the factor which 
in the 3d twisted index limit we identified with a half CS unit, and by the zero-point 
energy. 

FI terms can also be expressed as A-squares as in (3.8). Similarly, the vector multiplet 
contribution can be re-obtained by fusing two 4d blocks (4.35) with Sa = 

2 


nsa0(s„^g<x) 


.Ital 




* Siq/- 4;9.) =2v/[S^ xT'^] 


(6.8) 


So we arrive at the conjectured relation 


Z[S^ X T2] = X! / 


dz 


27riz|>V| 


T 


4d 


= e 


-mV 


E 


B 


4d 


(5.9) 


The first equality states the factorisation of the integrand of the Coulomb branch par¬ 
tition function. This follows from the above discussion on chiral and vector multiplets. 
For anomaly free theories, the induced effective half CS units either cancel between 
chirals and antichirals or add up to integer values and can be factorised as in (3.8). 

The second non-trivial equality states the factorisation of the 3“^ x partition function 
in terms of the very same 4d blocks B^^ found in the Lr x case. 

Let us explicitly check this relation in the SQED case. The partition function is given 
by 


Zsqed[S= X T"] = y ^ /L«'Zi-i„op(z. C. C. B, B) , 
fez-'J'K. 27riz 


Nf 


zi_ioop{zxx,B,B) = n-^ 




(5.10) 


<a;ga,gr)Ba0(gr " Z ^Cb^;q^,qr)B, 


where 


Ba - 1 + ha + i , i?;, - 1 + h;, - 

In this case the anomaly cancellation conditions are 


(5.11) 


= E(A<. + M = 0. nc‘"*‘cF‘ = i. (8.12) 

a,b a,b a,b 
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By using the definition of ©-factorials in (A.58) it is easy to show that we can equiva¬ 
lently rewrite the partition function as 


^sqed[^' X T 2 ] = s ^ 


'Y'4d 

SQED 


(6.13) 


with the SQED integrand defined in (4.80) with the identifications 


s = q;z x^ = qr^Ca^, = !l4a = (-1)"'^ , 


(5.14) 


and 


g-i’r'PsQBD - (-1) 


2 Sa,h(^0' ^b) 


(5.15) 


The integration contour is determined by the Jeffrey-Kirwan residue prescription, which 
in this case simply amounts in taking the contribution from the simple poles associated 
to the fundamental matter (mod q’^). Such factors have poles only for = £ + hc + l > 0, 
which are then at 


gc~l~2fc l+hc—^k 

z = z^ = " = Cc^qr " , k = 0,...,i + hc , c = l,...,Nf . 


Therefore 


^SQED[^'xT2]=e--^SQED^ ^ ^ 

c £>-hc k=0 


£+hc 2 

i c 


SQED 


and we can replace 


£+hc 

Z! Z = Z ’ ki = i + K-k , k2 = k . 

i>-hc k=0 ki,k2>0 


(5.16) 

(5.17) 


(5.18) 


Substituting = q^l'^z^ = qr^x^ s* = q~^l‘^z^ = qr^'^Xc into (5.17), with the help of (A.58), 
(A.59), one can finally show that 


^SQED[^'xT2]=e-'"^«QE°^ 


B. 


4d 


(5.19) 


with the very same defined in (4.84). This is result agrees perfectly with the 
expected result following our analysis. 

The SU{2) case is essentially the same, since the vector multiplet does not bring new 
poles to the integrand. We define 


Ca' - (Cai Cb ) ^ Cb' ) ^a,' ~ hb) - hy , 


(5.20) 
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and Xa' = = x^} with the same parametrisation as in (5.14). The anomaly 

cancellation requires 


1~[ Ca' - 1 5 Y^ha' + 2Nf - 4 - 0 . 

a' a' 

As expected also the SQCD can be expressed in terms of the blocks 


^SQCD[52xT2]=e-'"^sQCD^ 




4d 


(5.21) 
given in (4.102) 

(5.22) 


6 4d holomorphic blocks 


In this section we would like to develop a formalism to compute the holomorphic blocks 
from hrst principles by extending to 4d the 3d formalism introduced in [8]. We tenta¬ 
tively define 4d blocks via block integrals as 




i 


ds 

27ris 


T 


4d 


( 6 . 1 ) 


where is the “square root” of the compact space integrand. As we have seen in 
sections 4.3 and 5, when there are no obstructions from anomalies it is always possible 
to factorise the compact space integrand. Alternatively one can assemble directly T^'^. 
For each chiral multiplet we insert a factor B^ or and adding an appropriate ratio 
of Theta functions associated to to cancel the induced mixed CS units. We then 
add B^^^ for each vector multiplet and in presence of U{1) gauge factors we multiply 
by the FI contributions given in (4.39). 

Before discussing the integration contour it is important to make the following obser¬ 
vation. In section 4.3 we observed that as a result of invariance under large gauge 
transformations, block integrals are semiclassically doubly periodic on the torus T^. 
As we anticipated, at the quantum level there is a mild modihcation, that is under the 
shift s SQa the blocks are multiplied by gT--phases with unit r, A-square, representing 
the intrinsic ambiguity in their definition. 


For example consider the SQCD block integrand 


^4d 


( 6 . 2 ) 


It is easy to check that the effect of the shift s sq^ is simply to multiply the integrand 
by the g^-phase 


^SQCd(^'^’^) _ -4 r-r q-r) 

^ a'l Q{(lrSX-J;qr) ’ 


'^SQCd(^o-'®) 


^SQCd('®) 


2 

r,A 


1. 


(6.3) 
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To see this we observe that thanks to the anomaly cancellation condition = 

4Q we have 


n 

a',b' 


e(sx^}-,qr) 


Q(qrSxJ]qr) 


n 


27ri 

^ruiUJ2 


Z(Q~2X^,) 


27ri 

c 


4ZQ 


and similarly 


n 

a' ,b' 




QiqrSxJ]qr) 




(6.4) 


(6.5) 


for Ha' Ca' = 1, Ea' ^a' + 2A^/ -4 = 0. As g^-phases have trivial semiclassical limit, the 
doubly periodicity is indeed restored in the semiclassical limit. 


This observation will guide us in the dehnition of the integration contour. For example 
the SQCD block integrand (6.2) has poles at s = Xc'q^q^*^ and s = Xc'q~’^q~"', k,n € Z>o. 
However our discussion indicates that we should restrict to a period. Indeed a shift 
by g” (where n may be negative) would only multiply the integrand and the integrated 
result by a g^-phase. We then suggest that the proper integration contour Tc will 
encircle the poles located at s = x^q^ coming from the fundamental chirals. Indeed it 
is easy to check that 


£ 


s=xcq^ 27ris 


2 \ TT g,-, go-) 

^SQCD “ ^c'0(a^c'i Q'o-) 1 1 -p/ _i 

a'b'^{(lrXc'Xj]qr,qa) 


Q{xlqf-q„) ^ Q{Xc'X^£]q„,qr)k ^ 

11 _,-l . \ *?T ) 


©(^cd a',b' QiqrXc'xJ] q^, qr)k 

and integrating over Tc we recover the SQCD blocks dehned in (4.102) 

(f ^T^^cD = Hf. 

Jr, 27ris 


( 6 . 6 ) 


(6.7) 


In general determining convergent contours could be quite delicate. For example the 
analogy with the 3d case suggests that by moving in the moduli we could encounter 
Stokes walls where contours jump [8]. We leave the general discussion of integration 
contours to future analysis. However, we can check that our prescription works also 
in the SQED case where blocks can be obtained by integrating the SQED integrand 
(4.79) 

. 4 d 0(s“^M4d;gr) r-r r(s^J;?r,g(7) 


-L c 


)(^) = 


n 


SQED 0(M4d;g^)0(s ^;gT) r(g^sx„i;g^,g^) ’ 

along the contour F,, encircling the poles located at z = Xcq^ 

Jr, 27ris ^ ’ 


( 6 . 8 ) 


(6.9) 
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with defined in (4.84). Notice that also in this case we are using the prescription 
to restrict to a period. However, in this case the FI term explicitly breaks the 
periodicity already at the semiclassical level. Nevertheless we find that also in this case 
a ^o-shift has a trivial effect: 


TsQED(g^5) ^ 0(g~^S~%4d; gr)Q(5~^; qr) pr 0(gXfe^gr) 
TsQEd(s) 0(s-%4d; qr)Q{q-^S-^] qr) i j Q{qrSXl^] qr) 


Indeed the second factor is a g,--phase 


n 


Q{qrSXl^ 


Qr) 


) Qt) '■0 


1 , 


( 6 . 11 ) 


once we impose all the anomaly cancellations. The first factor also has unit square 


Q{q„^S lM4d;gr)0(s ^gr) 


= e ^ = i , 


0(s-%4d; g^)0(g;"s-i; g^) 
since is integer on the lens index. 


Q(q„^s in4d;gr)0(s ^gr) 


0(s-%4d; g^)0(g-'^s-i; g^) 


( 6 . 12 ) 


Summarising we have argued that for x (which includes x S^) and 5^ x we 
have the following remarkable Riemann bilinear-like relations 




dz 


T\a\ 2'Kiz Ofc |>Vfc| 
d2 


T 


4d 




K. 27ri2|>V| 


T 


4d 


=slli 

C ^ i 

= E 


ds 2 

•Y'4d 


27ris 

ds 


Ec 2tt\s 


T 


4d 


(6.13) 

(6.14) 


This identities seem to be quite ubiquitous for these backgrounds and it would be 
important to have a deeper understanding of their geometrical meaning. Riemann- 
bilinear like identities appear also in the analytic continuation of Chern-Simons theory 
[51] and in the the study of tt* geometries [21]. 

While 3d holomorphic blocks have been relatively well studied, here we have only 
initiated the study of 4d blocks and there are various directions to explore. For example 
it would be interesting to study the behaviour of 4d blocks under 4d dualities. It should 
be also fairly simple to re-derive our 4d block integrand prescription via localisation on 
xT^, however the general definition of integration contours seems quite challenging. 
Another aspect to investigate is the relation of 4d blocks to integrable systems and 
to CFT correlators. 3d block integrals have been identified with g-deformed Virasoro 
free-field correlators in [52], [53]. The possibility to interpret 4d block integrals as free- 
field correlators in an elliptic deformation of the Virasoro algebra will be investigated 
in [54]. 
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A Special functions 

A.l Bernoulli polynomials 

The quadratic Bernoulli polynomial B 22 is 

1 


B22{X\uJi,U2) - 


OJ 1 OJ 2 


((-'■- 1 )-=^ 


+ OJc) 


12 


Q - (jji + 0 J 2 


Useful properties are 


B22{^X\\u)i,\uJ2^ - B22{X\u:i,UJ2^ , 
B22{X + UJ2\uJl,UJ2^ = B22 {X\uJi,UJ2^ + 


‘IX — oj\ 


Ui 


B22{X\ijJi,UJ 2) - B22{Q - X\oJi,ijJ2) ■ 
We dehne the combination 


$2(W) - -B22{X\0Ji^UJ2) + —-—. 
r or 


The cubic Bernoulli polynomial R 33 is 

1 


B^^{X\uJi^ijj2iUJ-i) - 




X - — - — 
2 2 




(A.l) 

(A. 2 ) 

(A.3) 

(A.4) 


$2(A) = B22{X\Q,r(^i) + B22{X + ruj2\Qx^2) = 

= B22{X + rux\Qx^x)+B22{X\QxoJ2) = ^2{Q-X) . (A.5) 

We also have 

1 tS _ 1 

(A. 6 ) 


Q\ uf + ul 


Useful properties are 

Acus) = i?33(X|a;i,a;2,a;3) , A 0 , 

Bss^X + a;3|a;i,a;2,a;3) = i?33(X|a;i,a;2,a;3) + 3B22{X\ui,U2) , 
B33{X\ui,U2, -CJ 3 ) = -B33(X + a;3|a;i,a;2,i^3) • 


(A.7) 

(A. 8 ) 

(A.9) 

(A.IO) 
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We define the combination 


<h3(X) = + 533(X + ru2\Q,ru2,u}z) ■ 


(A.ll) 


We also have 


"I 2 T 2 T 

-(2X -Q) --- 

r drcus 4r 

$3(X + = 3$2(W) + $3(X) = -$3(Q - X) . 


(A.12) 

(A.13) 


A.2 Double Gamma and Sine functions 

The Barnes double Gamma function r 2 is dehned as the ^-regularized product 

r 2 (X|a;i,a; 2 ) = ]~[ — - . 

ni,n2>o W + nia;2 + n2u:2 


It satishes the functional relation 

r 2 (W + a; 2 |^i)|^ 2 ) 


r 2 (X|a;i,a; 2 ) r,{X\u,) ’ 


X 1 

OJ] 2 


where Ti is simply related to the Euler T function, ri(X|a;i) = (A). 

The double Sine function S 2 is dehned as the ^-regularized product 

nicui + n2'^2 + X 

ni, 


S' 2 (X|ci;i,a; 2 ) - ]~[ 


n 2>0 + ^2t^2 + Q - a: ’ 

where Q = bj\ + bJ 2 - The regularised expression is given by 

o /^i,, ^2(Q-X\uji,uj2) 

For irrational the S 2 has simple poles and zeros at 

zeros : X = -riiUi - n 20 J 2 

poles ■■ X = Q + riiUi + n 20 J 2 

It enjoys the properties 

S'2(X|a;i, a;2)5'2(Q - X|a;i,C(;2) = 1 , 

S'2(X + a;2|ci;i, 022 ) 1 

S2(X\ui,U2) S'i(X|a;i) 

S'2(AXlAcui, Aa;2) = S2{^X\iiji,U2^ , A 4 0 , 


ni,n2 e Z>o . 


(A. 14) 


(A.15) 


(A.16) 


(A.17) 


(A.18) 

(A.19) 

(A.20) 

(A.21) 
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where the Si function is simply related to the sine function, S'i(X|a;i) = 2sin(^). 
For ni,n 2 e Z>o, formulas (A. 15), (A.20) are generalized to 


T2{X+ niui+n2u:2\u:i,u:2) _ + 21^1 + ^ 1 ^ 2 ) ^ 

T2{X\ui,U2) ■ U"lt^ii^+3^Mnilo^Ti{X + ku2\u:i) ’ 

r2(X - riiUi - n2a;2|a;i, ^ 2 ) Oj^i ri(X - ja;i|a;2) 0^=1 ri(X - ku:2\oJi) 
r2(X|cni,a;2) " Ojii \\Zi{X - jui-ku2) ’ 


52(nia;i + n 2 a ;2 + X|a;i,(x; 2 ) _ (_i)nin 2 

S2{X\ui,U2) " n]to" Siijui + X\u2) nto' Siiku2 + X\ui) ’ 

5'2(nii:ni - n2u;2 + A:|a;i,i:n2) ^ ^ Si{kuj2 + Q - X\uji) 

S2{X\UI,UJ2) ^ n]to^Si{juJi+X\uj2) 


(A.22) 

(A.23) 


(A.24) 

(A.25) 


For Im(^) ^ 0, using the g-Pochhammer dehned in eq. (2.17) we can express the 
double sine function in a factorised form: 


S'2(X|a;i, 072 ) 


_ B22(X\uJi,UJ2) 


(e 


"1 


27ri- 


)oO (c 


‘^X 2Tri‘^- 

U2 • g UJ2 


(A.26) 


In order to compute contour integrals, we will also be interested in the asymptotic 
behaviour of S 2 for X ^ 00 


S' 2 (X|a;i,Ci; 2 ) 


g ‘2 B 22 (x) arg(a;i) < arg(X) < arg(a; 2 ) + tt 

e-'fB 22 (x) arg(a;i) - tt < arg(X) < arg(a; 2 ) 


(A.27) 


Another useful function is the shifted double Sine function Sb 


Sb{X) = S2{Q/2-iX\ui,uj2) , 


in which case it is usually assumed U 2 = 00 ^^ = b. 


A.3 Generalised double Sine function 

The following (^-regularised product 


S2,kiX) 


n 

ni,n 2>0 

n 2 -ni=h mod r 


UiUi + n2UJ2 + X 
n20Ji + TI1UJ2 + Q ~ X 


(A.28) 


(A.29) 
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defines a generalisation of the S 2 fnnction (which is recovered for r = l)d® The pa¬ 
rameters Ui, U 2 and r are not displayed amongst the arguments for compactness. For 
irrational it has simple zeros and poles at 

zeros : X = -nicoi - n 20 J 2 

, 77-2 - ni = h mod r , ni,n 2 eZ>o. (A.30) 

poles : X = Q + niU 2 + n 2 UJi 

We can rewrite 52,h in terms of the ordinary S 2 as follows. First of all, we can resolve 
the constraint 712 - ni = h mod r as 


77,2 = ni + [h] + kr >0, /c e Z , (A.31) 

where [h] denotes the smallest non negative number mod rX Then we can write (A.29) 
as 


9 fXi = n n rricni + (77i + [h] + kr)uj2 + W 
iiio j (’^i + W + + Q-X 

n pr {s-[h])uJi+(s+kr)L02+X 

s>0 (^s+kr)uJi+{s-[h])uj 2 +Q-X 

— 1 T—r —[/l] )LtJX + (ST/cT")^ 

(s+kr)uji+{s-[h])L 02 +Q-X 


(A.32) 


where we set s = ni + [h]. Moreover, for a generic sequence of functions fs^k we have 


risSO OA:>-[s/rJ fs,k Os,fc>0 fs ,k+l fs+kr,-k 




n';Fnteo/.,t 


(A.33) 


where in the last step we used that in the denominator s e [0, r-1] < r so that [s/rj = 0. 
Substituting the actual expression (A.32) for fg^k, we hnally get 


S2,h{X) = 52(a;i(r- [h]) +X|Q,ra;i)52(a;2[h] + X|Q,ra;2) , 


(A.34) 


where we used the dehnition (A.17) of S 2 and repeatedly used the relation (A.15). It 
is easy to check the following reflection property 


52,/.(X)52,-/.(Q-X) = l. (A.35) 

From (A.34) we see that zeros and poles are located at 

zeros : X = -Ui{p - [h]) - kQ - nrui , X = -U 2 [h] - Qk - npu 2 , 

(A.36) 

poles : X = Q + oji[h] + kQ + nrtoi , X = Q + uj 2 (r - [h]) + kQ + nruj 2 , 

Another class of generalised multiple Sine functions has been extensively studied in [55]. 

^^For positive h we have h= [h] + r[h/rj, while for negative h we have h = [h] + r{\h/r] - 1). Also, 
for non-zero h we have [-/i] = r - [/i]. In any case, we have h = [/i] + rnt, [/i] > 0 for a suitable nu s Z. 
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for k,n e Z>o, which are all simple and distinct as long as ^ is irrational. Using (A.26) 
we can obtain the factorised form 


S2,h{X) = e-- 


'(e' 


')ooie~^ 


. (A.37) 


This leads us to dehne the r-pairing 


/(a;i,a;2,[h]) = /(a;i,a;2, [h]) 


h<^r-h 


= /(a;i,a;2, [h])/(a;2,a;i,r - [h]) , (A.38) 


exchanging wi, U 2 and reflecting the holonomy variable, so that S' 2,/1 can be compactly 
represented as 


(A.39) 


S2,h{X) 


Notice we may remove the [•] inside the g-Pochhammer symbols because of the peri¬ 
odicity. Moreover, the asymptotic behaviour of S 2 ,h for X 00 can be deduced from 
(A.27) 

•£ arg(a;i) < arg(X) < arg(a; 2 ) + tt 
g^[U(»’-[U)g-T'*’ 2 (^) if arg(a;i) - vr < arg(X) < arg(a; 2 ) 

In the main text we need also to introduce an improved S' 2 ,h, dehned by 
^2,h(X) = a{h)S2,h{X), a{h) = g^dUh-UD-h-i)/^^) ^ 

where cr(h) is a sign factor, namely cr(h) = ±1 depending on the value of h. Also, it is 
convenient to introduce the improved Sb function 

h,-hm = 52,h(Q/2 - iX|a;i,a;2) , (A.42) 

satisfying the reflection property 

SbAX)sb,-hi-^) = 1 • (A.43) 


(A.40) 


(A.41) 


In the particular case r = 1 (and hence h = 0), we obtain an interesting identity for the 
ordinary S' 2 . In fact, for r = 1 the product in (A.29) is not actually restricted, and we 
obtain the relation 

>S'2,o(2^)|r=i = *S'2(X|ci;i,Ci;2) = S'2(ci;i + X|Q,ci;i)S'2(X|Q,ci;2) , (A.44) 

or, in terms of the modular parameter t = ^ 

*52(x|1x) = >52(l + x|l,l + ^)>52(y^|l, , (A.45) 

\i + r i + r/ 

where we rescaled y = Xjui. This identity appears in eq. (3.38) of [56], where 

r) = 4) (A.46) 

in their notation. 
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(A.47) 


A.4 Elliptic functions 

The short Jacobi Theta function is dehned by 

Q{x-,q) = . 

Useful properties are 

(A,48) 

where m e Z>o. We will be using the generalised modular transformation property of 
the theta function 


27ri-2-.„. 27ri-2-N -\■w^o(X^ ^h(r-h) 

0 (e™i 6’- ;e ’'“i) 0 (e ’’“2 e ;e j = e -'e 


(A.49) 


For r = 1 this formula reduce to the standar modular transformation of the theta 
function (see for example [57]). 

The elliptic Gamma function is dehned by 

{pqx-^-,p,q)^ 

T{x]p,q) = — -r- , (A.50) 

{x;p,q)oo 

where the double g-Pochhammer symbol is dehned by 

oo 

(x;p,g)oo = n (1 • (A.51) 

j,k=0 

It is assumed |p|, |g| < 1 for convergence, and it can be extended to |g| > 1 by means of 

1 


(x;p,g)c 


(A.52) 


(q ^x;p,q i)oo 

The elliptic Gamma function r(x;p, g) has zeros and poles outside and inside the unit 
circle at 


zeros : X = pm.+iqn+i 


m,n € Z>o . 


poles : X = p ™-g , 

For m,n e Z>o, useful properties of the elliptic Gamma function are 

F(x;p,g)F(pgx“^;p,g) = 1 , 

F(p g x) ^ (^_xp("^-^)/^q(^-^)/^)-"^^Q(^x]p,q)nQix]q,p)m , 
F(x) 


F(pmg-nx) 

r(a:) 


= {-xp 


(m-l)/2^-(n+l)/2^mn _ Q{x]q,p)r 


R,6S3;-]^r (x) 

X 


0(pgx-i;p,g)n ’ 

(^-pq g(«-l)/2p(m-l)/2^m 

0(M;p,g)n0(pg;g,p)r 


(A.53) 

(A.54) 

(A.55) 

(A.56) 

(A.57) 
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where we introduced the ©-factorial 


(A.58) 


Q{x;p,q)r, = 


T{q'^x;p,q) 

r(x;p,g) 


if n > 0 
if n < 0 


A useful propety which can be derived from the dehnition is 
e{x-,p,q).n = Q{q~'"x-,p,q)-^ = 0(g"^x;p, 


(A.59) 


The elliptic Gamma function has a very non-trivial behaviour under modular transfor¬ 
mations [39, 57] 


27ri -v" 

r(e^^; 


2'n-i — 

e “1. 


2 ’ri ——X 
e “i)r(e“2 : 


2 ni^ 

e “2 


e “2)r(e“3 ; 


2-171 — 

e “3. 


2-171— \ 

e “3) = 


— g-^B33(X|LJi,a;2,1^3) 


(A.60) 

Expression (A.60) is valid for ^ 0. In particular, by assuming Im(^, > 0 

we get 


27ri y 

r(e“3^; 


27 ri — 

e ^3. 




) = 


e 3 


)r( 


e “1 


IIX 27 ri- 


“1, e 


-27ri^ N y-, X 

“1 )r(e 


LJ2 


27ri 


^1 

■^2 P 


-27ri^ \ 
^2 j 

(A.61) 


Basic hypergeometric identities 


The g-hypergeometric function 

\cg / ^0 (Gg)fc(g;g)fc 

for |g| < 1 satishes the following identities 


(A.62) 


2*^1 

2*^*1 


a b 
c q 

a b 
c q 


;u 


(&;g)o,(an;g)o, ^ / cb-^ u 
(M;g)oo(c;g)oo ^ \ aw g ’ / ’ 


(A.63) 


(&;g)oo(ca ^;g)oo (an;g)oo(ga % ^;g)oo ^ / a gac~^ gc 
(c;g)cx,(&a"^g)cx, (h; g)cx,(gH"^ g)cx, ^ \ga6"^ g ' abu 


(a;g)oo(c6~^;g)oo (5 m; g)oo(g5"%~^; g)oo ^ ^ g&c~^ gc \ 

(c;g)cx,(a6"^;g)cx, (m; g)cx,(gM"^; g)cx, ^ \g&a"^ g ' abu) 

(A.64) 
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Now consider 2 *^*i(c ^ with |g| > 1. In this case we have 


^ ( a b \ _ {qc ^]q)oo{qab ^;q)oo (abc ^u-,q)^{qca ^b ^■,q)oo . 
c ~ 7V7vr^^-7^—-—zT-^Trrrr-vr^^- 2^1 


{qb ^;g)oo(gac ^;g)cx, (be %;g)oo(gc6 i;g)c 


a 

qab" 


{qc ^■,q)oo{qba ^]q)^{abc ^U]q)^{qca ^b % ^)]q)oo ^ / b qbc ^ 
{qa-^]q)oo{qbc-^]q)oo (ac"^M; g)oo(gca"%"^); g)oo ^ ^\qba~^ q 


Also, for |g| > 1 we have the following identity 


a b 


2*hi I ;m I = 


{abc ^u]q)oo{qc ^;g)c 


2^1 


cb 


,-i 


qca ^b ^ qa 


qcb ^ 


cq j (g6-i;g)oo(6c-%;g) 

A.5 Elliptic series 

Let ns consider the elliptic hypergeometric series [58] 

rp / 5 \ V' ET ® ?(T) Q'r)n n 

nEn-i[ ;qr,q.;u\ = l^Yl——^u , = qr 

\y / n>0ij=l Ver, yrln 

This series is nsnally considered to be balanced, namely 

n Xivf = 1 . 
ij 


We now introdnee the parametrisation 


gr = e 


27rir 


qa = e 


27ri(T 


Xi = e 


27riX7 


and stndy the modular properties of the series under 


1 


T 


A, 




W 


a-—, r-— , - 


a a 

Using the modular transformation property 

27ri V 27r 


a 


a 




we get 


n 


N C^( ^-2m^ . c,-— c-—\ 

t){e - ,e - ,e - 


JV 0 ^g27riXi. g27ri(T g27rir^ 


n - 

11 ft 


27ri 27riT ^ ft ('p27riY,. p27ri(T p27rir'\ 

ti=i 0(e"2"“;e"~,e"~)n m=i '-'e ue ,e 

N . y X 

X gA^(A^U')+U(r^-l)— i)(A-y)) 


*j=i 
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gac ^ qc 
^ g ’ abu 

qc \ 

abu j 
(A.65) 

(A.66) 

(A.67) 

(A.68) 

(A.69) 

(A.70) 

(A.71) 

. (A.72) 








Once the balancing condition (A.68) ~ Yj) = 0 is imposed, the series can be 

made modular invariant either by imposing 



(A.73) 


or by a suitable transformation of the expansion parameter u . 

Next, let us consider the very-well-poised elliptic hypergeometric series [58] 



subjected to the balancing condition 



(A.75) 


In this case, proceeding as above, it is easy to see that the series is automatically 
modular invariant. 

B Computations 

B.l Fundamental Abelian relation 

The free chiral theory with -1/2 Chern-Simons units has a mirror given by the U{1) 
theory with 1 chiral and 1/2 Chern-Simons units (also for the holonomies). 

At the level of lens space partition functions the duality reads (up to a trivial propor¬ 
tionality constant) 



where we have also turned on the FI and 9 terms. To prove this identity we evaluate 
the l.h.s. integral by closing the contour in the lower half plane (assuming > 0) and 
taking the sum of the residues at the poles of Z^. By using (A.36) we can see that 
there are two sets of poles located at 



(B.2) 
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The integral is then given by 


g ^ ^ g-lf (Z>*2£Z-i<3Z)^-(r-l)lf i) = h + h , 


(B.3) 


with 


Ii = 


(9;?)- E E 


n(^+kr+j){i+kr+j-l)l2 / _^aV( 

I -qe ’■“1 e ’-1 I -qe ’'“2 e r- ^ I 


'■ £=o i,fc>o ( 9 ; 9)2 (q\q)ukTti 


(BA) 

The sum of residues at the second set of poles is simply obtained by Ui and 

i. r -1, 9 r - 9. Combining the two sums we see that the original integral (B.3) 
has the schematic form 


r-1 r-1 

-fl + -^2 = E E fj,j+i+kr E E fr-l+kr+j,j- 

t=Q j,k>0 e=0 j,k>0 


(B.5) 


Since l+kr runs from 0 to 00 while r-i+kr runs from 1 to cx), we can replace r-i ^ i+1, 
set j" = j + i + kr, and write 


-fi + -^2 - E fjd" + E - E fj’j" + E ff'd - 






= E fjd” E fid” = E fid" ) (B-6) 


so that we hnd as expected 


/,+/ 2 OC (qe '-te =Za((,(I) 


(B.7) 


B.2 SQED lens space partition function 

Here we compute the residues at the poles given in eq. (2.30) of the partition function 


r-1 


^SQED = e E E E Bes^^^(2)e 

*=i-2^=0{zhb 




Nf 

n 

a, 6=1 


(e 


^(Z-X,-iujq[UH,])_ 


;?)c 


where 

and 


27ri-2- _ 27ri-2- 

q = e = qi ^ q = e ’'“2 = ^2 , 


1 _ AT r r' 1 _ 

^ - Z y(W - W) - ^~Z~Q > ^eff - ^ + -^r- '^(Hb - Ha) ■ 


(B.8) 

(B.9) 

(B.IO) 


a,6 


a,6 
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The latter must be integer (we can add contact terms to ensure that it is). The 
exponential prefactor is 




e2r' 


(B.ll) 


representing background CS terms. We rewrite the classical part evaluated at the hrst 
set of poles Z(i) as follows^^ 


= ^^(l)«eflg^^eeff = g ^ [^eff ] [gc] g" ^geff ( ^ ^ ^ 2- 


+ ^)g^[eeff](h+^^c]+fcr+i-i) ^ 




where 

_27r_^ 2^/) _ -27r_c 2 - 7 ri /j 

11 = ^ r ^ = ^2 , 

and similarly for the second set of poles ^( 2 )- Summing over (2.30) yields 


(B.13) 


^SQED - e 


Nf r-1 


C=1 


E E 

e=o j,k>o 




|-^ ^ Hl^Hl)oo\.^ H2 iH2)c 


a, 6=1 (e '■“1 g:J ■ ^ (g [J^cbl gO'+h+^^^d+fc^-). g^^ ^ 


+ M 


r-[€+ffc]+/cr+j' j 


^2^ 


/"ol^OO+^ca + it^llr^ca]) r’-[£+Hc] + fer+J '. /„5^(iQ+^£:a-ii»^2[irca]) ?■ \ 

Vl iVl^ool^C ^ H 2 iH 2 )c 


kh / — (^rS+i^^llWsl) r-U+HA+kr+j ^ / ^(X^r-ia;2[r/^s]) 7 ^ 

a,6=1 (e’'“i ^ ;5'i)cx,(e™2'' '=*' 

where we dehned 


■}. (B.14) 


.Y„ = .Y,-.Y„, .Y,s = .Y,-.Yj, = (B,16) 

^®We use wiwa = 1, [f + ^tc] - [^tc] = [f] mod r, and 0efff = [^*eff][f] mod r, this is why we need 0eff 
to be integer. 

It is understood that we are taking the residue of the a = c term. 
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Using (g”a;;g)oo = we get 


N 


^SQED - e ^ e 


i^r g^(Xe€efI-^^ceeff)x 

C=1 

Nf / „;:^(iQ+^ca + it<Jl[J^ca] \ /^^{iQ+Xca-i‘^2[Hca] \ 

^ _ ,q2)c 


xn 

a,i»=l 


(e 




, r-1 

-<EE 


7 [£+Hc]+kr+j 

U\U2 X 


X n 

a,b= 


e= 0 j,k >0 

T-r V- - _ giUle " _ ,g2;[<;+g,]+fcr+j 

■-'’=Ue’"“i ,gijj(e"“2 , g2 ;[£+H,]+fcr+i 


27r 

(e’’“i' 


r-1 

+ E E “1 


r-[£+//c]+fcr+i j 

Ujr\ ^ 


e=o j,k>o 


2-7r 

ru2 ' 


(B.16) 


We see that the hrst term in brakets is a sequence fjj+[£+Hc]+kr, whereas the second one 
is fj+r-[i+Hc]+kr,j- Siuce [£] + kr runs from 0 to +oo while r - \i + He] + kr runs from 1 

_ 1 _ _ _ .. V ft . rr 1 


lO Jj-\-r—\J!. + ric\'^kT^J‘ L''^J ' A U.x±0 J.XV_/1±1 \J Kj\J I VV I ±±Q^ I IVI X U.XAO XXV 

to +CX), we can replace r - [£ + ^ [£ + hfd + 1, set j" = [£ + + kr, and write 

{•••}= E /j'j" + E ff'+hj = E fjH + E ff'J = 

ij">i+i 

= E E fj,f'= E fjd” ■ 

Therefore we hud 2 ’sqed can be expressed in terms of the r-square of the g-hypergeometric 
series 


I ( ^ \ ^ —r ^^iiQ.]k k 

jv$iV-i -EH/ y ^ > VN-q, 

\y / fc>oi,i=i fyjjyA 


(B.18) 


namely 


^SQED - e 


Nf 

E® ’■ 




C=1 


Nf / -^Xca 

f (ggruJi g ^ 


n 


;?)c 


^ ~ Y f 27ri Tj _ ^ 

,6=1 (e’'"l ‘"’’e r "c 6 j 


-N 


f^Nf-1' 


XH-X E 27ri rr _ 
g c6g ^ ^cb 

-^Xca ^ ff 

ge™i e ’• 




H^r-H 


(B.19) 
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B.3 Twisted superpotential 


In this appendix we briefly review how the double sum deflning the twisted superpo¬ 
tential (4.64) can be regularized in two steps, first regularizing the sum over m, and 
then over In order to regularise the sum over m, let us consider the exponential 
derivative 


By using the definition 

]~[ (a + j = 2 sinh (vri^ia) , 

meZ V Rl f 

by integrating we And 

V (a + —m') (ln(a + —m) - l) = —^, 

±^1 A ^ R, ^ ) 2nRi ^ 2 ’ 


(B.20) 


(B.21) 


(B.22) 


up to linear terms. Next, we shift a ^ a + -^Tia and compute 


1 _ _ ‘TT R-t / 1 1 _ p — ‘2TTRlCih 


2nRi 
1 


2tiRi ^Qk‘^{l-ql) 


2tiR-\ 
where we used 


- ^ [— + 27r^(?7,(j - ii?ia) + 27r^(?7,cr - ii?ia)^l + X! ~~ ’ (B.23) 

1 n>l V 3 / neZ 2 V iti / 


TT^ 

U2(e~^) = -Li2(e^) + — - i7rX - — . 


3 2 

We regularize the other infinite sums by means of Hurwitz (^-function^^ and we get 

2 


(B.24) 


1 


2ttR^ 


- X] (— + 27r^(n(T - iRitt) + 27i‘^(na - ii?ia)^] + XI = Rsi^RiO^) ■ 

1 n>l V 3 / 2 \ / 

(B.25) 


B.4 SQED lens index 

In this appendix we provide the explicit derivation of (4.83), which amounts to the 
evaluation of the residues of the integrand (4.73) on the poles (4.72) given in the main 

verified the 1-step regularization by means of double Gamma functions yields the same result. 
"'C(sW) = E„>o(2f + n)-h C(-lW) = -^ + f - , C(-2,X) = -^ + ^-f. 
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text. First of all, expanding the polynomials $2 we get the exponential factor 






a.b e2r 




The hrst line represent the global prefactor . In the second line the dynamical 

term e T.a,b{Ha-H^) pg absorbed into a renomalisation of 9 




(B.27) 


a,b 


provided 9es is integer, while e ^)^f+T.a,b(^a Mb)) ^ renormalisa- 

tion of 

y4d cid 1 

;^ + ;^;;^(iVjg(i?-l) + ^(M„-M6)) . (B.28) 

a,b 


rujs rujs 2ruJiUJ2 
Then, the residnes series reads as^^ 

r-1 


/SQED = E E E E 

c S=l,2£=0 j,k>0 




n 




lig{Q + z^,^-Xa,-i-Ha) ■ 

(B.29) 

Using the dehnition (4.14) of g and the properties in appendix A, on the hrst family 
of poles the ratio of g fnnctions yields 


n 


GiX,b,H,b) 

g(Q + x,a,H,^) 


X 


0(e^(^cS-‘^2H^s).g 


-27ri-^^ 27ri-2-.^ 

’-“2, e ’■-2 )j^kr+[e+H,] 


-27ri-^^ 27ri-2-N 

e ’-“2,6 "“2 


(B.30) 


while on the second family of poles we simply have j -^j + kr + r-[i + He] and 
j + kr+ [i + Hc] j in the snbindex of the ©-factorials. The FI terms on the hrst family 
read as 

* ■ ■ - . ... ... j + kr+[^+Hc] 

(B.31) 

It is understood that we are taking the residue of the a = c term. 
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and similarly on the second family. We can now resolve the sum by using (B.6) as in 3d, 
and we hnd /sqed can be written in terms of the r-square of the elliptic hypergeometric 
series nEn-i dehned in (A.67) 


t4d 

/sqed = y 


n 
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'^‘^1 g rcj-]^ • g tjg ^eti g ^ c^eti 


UJl<r^U2 

H^r-H 
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B.5 SQCD lens index 

Here we present the derivation of (4.101). For the chiral multiplets the discussion 
parallels the SQED case, so we focus on the vector multiplet. From (4.30) we hnd 


p g{Q + 2Z,-2i) 

— Z^o ' ct \/ ID notion sy _1_ 


±2£) = e ' “ X e x 
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(B.33) 


where we used the rehection property (4.15). The hrst factor can be neglected as it 

27riZQ 

contributes to the vanishing of the total gauge anomaly. The factor e ’’“/“z combines 
with an analogue contribution from the chiral multipltes (B.26) 


e rwiu;2 

to given a total contribution 




(B.34) 
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_2 _ 

when anomaly cancellation conditions R = and Y,a'^a' = = 0. When 

evaluated on the hrst family of poles, these exponential factors give the expansion 
parameters 
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while the ratio of the g functions in (B.33) yields 


(B.36) 
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Similar results hold also for the other family of poles, we have just to consider the 
substitutions j -^j + kr + r-[i + He'] and j + kr+[i + He'] j. By the usual argument 
for resolving the sums we hud /sqcd can be written in terms of the r-square of a 
very-well-poised elliptic hypergeometric series n+iEn dehned in (A.74) 
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